Abstract. We give a natural obstruction theoretic interpretation to the first Pontryagin class in terms of Courant algebroids. As an application we calculate the class of the stack of algebras of chiral differential operators. In particular, we establish the existence and uniqueness of the chiral de Rham complex.
1. Introduction 1.1. The first Pontryagin class. The first Pontryagin class, for the purposes of the present paper, is a characteristic class associated to a pair consisting of a principal G-bundle, G a Lie group, over a manifold X and an invariant symmetric bilinear form , on the Lie algebra g of G. For a G-bundle P on X the Pontryagin class, denoted by Π(P, , ) takes values in H 2 (X; Ω 2 → Ω 3,cl ). Incarnations of the first Pontryagin class corresponding to particular choices of (G, , ) are quite familiar. For example, the class 2 ch 2 is the Pontryagin class corresponding to GL n (C) and the canonical pairing on gl n given by the trace of the product of matrices.
More generally, the first Pontryagin class with values as above may be associated to a transitive Lie algebroid (see A.1), say, A, together with an invariant symmetric pairing , on the kernel of the anchor map and will be denoted Π(A, , ).
1 The Pontryagin class of a principal bundle is defined as the Pontryagin class of the Atiyah algebra of the bundle. Just as the degree one cohomology classifies torsors (principal bundles), degree two cohomology classifies certain stacks ( [Br] ). To each transitive Lie algebroid A on X and an invariant symmetric bilinear form , on the kernel of the anchor map π : A → T X we will associate the stack CEXT O X (A) , with the corresponding class in H 2 (X; Ω 2 → Ω 3,cl ) equal to − 1 2 Π(A, , ). The latter equality is the content of Theorem 4.1.
The stack CEXT O X (A) , associates to an open subset U of X the category (groupoid) CEXT O X (A) , (U) of certain Courant extensions of A. Courant extensions of Lie algebroids are, in particular, Courant algebroids. Consequently, a significant part of the paper is devoted to the definition, basic properties and classification of Courant algebroids, the main result (Theorem 4.1) being the identification of the class of CEXT O X (A) , with − 1 2 Π(A, , ). Thus, (A, , ) admits a (globally defined) Courant extension if and only if the the Pontryagin class of (A, , ) vanishes. This fact (sans the terminology of the present paper) is indicated in [S] .
Courant extensions of Atiyah algebras.
The following is intended to convey in an informal fashion the differential geometric meaning of a Courant extension of the Atiyah algebra of a principal bundle.
Suppose that G is a reductive group with Lie algebra g. Let G denote the sheaf of groups represented by G. An invariant symmetric pairing , on g which satisfies certain integrality conditions gives rise to a central extension, say G , of G by (the sheaf) K 2 so that there is a short exact sequence of sheaves of groups 1 − −− → K 2 − −− → G , −−− → G − −− → 1 which leads to the short exact sequence of tangent spaces at the identity
where T e K 2 = Ω 1 , g , denotes T e G , and g = T e G is the sheaf of Lie algebras represented by g. As was pointed out by S. Bloch in [B] (at least in the case of the Steinberg group), the usual construction does not yield a Lie bracket on g , . Thus, g , is not a sheaf of Lie algebras in a way compatible with the projection to g. It is however a Courant algebroid (with the trivial anchor map) and, in particular, a sheaf of Leibniz algebras (the Leibniz bracket, however, is not Olinear). Examples of this kind are studied in 3.2. Now suppose that P is a G-torsor (i.e. a principal G-bundle) on X. Lifts of P a G , (i.e. pairs ( P , φ) comprised of a G , -torsor P and a G , -equivariant map φ : P → P ) exist locally on X and form a K 2 -gerbe whose class in H 2 (X; K 2 ) is the class of the central extension.
Given a lift P as above one might ask what a connection on P might be, or, better, what sort of structure would serve as the "Atiyah algebra" in this context. Denoting this hypothetical, for the moment, object by A P we note that it may be expected, at the very least, to fit into the commutative diagram
(where A P denotes the Atiyah algebra of P ) and carry a (Leibniz) bracket compatible with all of the maps. The above picture is encapsulated in the notion of a Courant extension of the Lie algebroid A P . Courant extensions of A E which fit into the above diagram exist locally on X (due to local triviality of P ) and form the gerbe which we denoted by CEXT O X (A P ) , above.
1.4. Vertex algebroids. In the rest of the paper is devoted to an application of the thus far developed theory of Courant algebroids and classification thereof to the question of classification of exact vertex algebroids or, equivalently, sheaves of chiral differential operators. Vertex algebroids were defined and classified in terms of local data in [GMS] (and other papers by the same authors) and, later, in the language of chiral algebras, in [BD] .
The approach to the classification of vertex algebroids carried out in the present paper is suggested by some results contained in [BD] 2 . It turns out that the latter problem reduces (in the sense of equivalence of stacks, Proposition 5.2) to the classification problem for Courant extensions of A Ω 1 X ) , (the Atiyah algebra of the cotangent bundle 2 The author is grateful to A. Beilinson for sending him an early preprint of "Chiral algebras".
with the symmetric pairing , on the Lie algebra End O X (Ω 1 X ) given by the trace of the product of endomorphisms). The result (Theorem 5.1) is that the the stack EVA O X of vertex algebroids on X gives rise to a class (obstruction to existence of a globally defined vertex algebroid) in H 2 (X; Ω 2 → Ω 3,cl ), and that class is equal to ch 2 (Ω 1 X ). This reduction is achieved with the aid of (the degree zero component of) the differential graded vertex algebroid over the de Rham complex of X (which gives rise to the chiral de Rham complex of [MSV] ). The existence and uniqueness of this object was demonstrated in [MSV] (and [BD] in the language of chiral algebras). We give a "coordinate-free" proof of this result. To this end we apply the results of the preceding sections to the differential graded manifold X ♯ whose underlying space is X and the structure sheaf is the de Rham complex of X. We show (Proposition 6.1) that every (differential graded) exact Courant algebroid on X ♯ is canonically trivialized. This implies (Corollary 6.2) that an exact vertex algebroid on X ♯ exists and is unique up to a unique isomorphism. This is a differential graded object whose degree zero constituent is a vertex extension of the Atiyah algebra of the cotangent bundle.
1.5. Acknowledgements. The author would like to thank PavolŠevera for many inspiring discussions. Much of the present work was carried out during the author's visits to Université d'Angers and I.H.E.S.
Courant algebroids
2.1. Leibniz algebras. Suppose that k is a commutative ring. Definition 2.1. A Leibniz k-algebra is a k-module g equipped with a bilinear operation [ , ] : g ⊗ k g → g (the Leibniz bracket) which satisfies the Jacobi type identity [a, [b, c] 
A morphism of Leibniz k-algebras is a k-linear map which commutes with the respective Leibniz brackets.
Example 2.1. Suppose that g is a Lie algebra, g is a g-module, and π : g → g is a morphisms of g-modules. The bilinear operation on g defined by [a, b] = π(a)(b) . for a, b ∈ g satisfies the Jacobi identity and thus defines a structure of a Leibniz algebra on g.
Courant algebroids.
Courant algebroids, as defined below appear as quasi-classical limits of the vertex algebroids (see Definition 5.3 and 5.4 for discussion of quantization). The format of the definition given below follows that of the corresponding non-commutative notion ("vertex algebroid") which, in turn, is distilled from the structure of a vertex operator algebra in 5.3.
(1) a structure of a Leibniz C-algebra
an O X -linear map of Leibniz algebras (the anchor map)
for f ∈ O X and q, q 1 , q 2 ∈ Q.
A morphism of Courant O X -algebroids is an O X -linear map of Leibnitz algebras which commutes with the respective anchor maps and derivations and preserves the respective pairings.
Remark 2.1. The definition of Courant algebroid given below reduces to Definition 2.1 of [LWX] under the additional hypotheses of loc. cit. (that Q is locally free of finite rank and the symmetric pairing is nondegenerate).
Courant algebroids are to vertex Poisson algebras (coisson algebras in the terminology of [BD] ) what vertex algebroids are to vertex algebras in the sense of the analysis carried out at the outset of Section 5.
2.3.
Twisting by 3-forms. Suppose that Q is a Courant algebroid with Leibniz bracket denoted [ , ] , and H is a 3-form on X. Let [ , ] H denote the bilinear operation on Q defined by the formula
where i : Ω 1 X → Q is the O X -linear map in the canonical factorization of the derivation ∂.
Recall that the Jacobiator J({ , }) of a binary operation { , } is defined by the formula (2.3.2) J({ , })(a, b, c) = {a, {b, c}} − {{a, b}, c} − {b, {a, c}} .
Proof. Direct calculation It is clear that twisting by a 3-form is a functorial operation: a morphism of Courant algebroids is also a morphsim of their respective twists (by the same form).
2.4. The associated Lie algebroid. Suppose that Q is a Courant O X -algebroid. Notation 2.2. Let Ω Q denote the O X -submodule of Q generated by the image of the derivation ∂.
Therefore, the Leibniz bracket on Q descends to the bilinear operation
Since π is O X -linear and π • ∂ = 0, π vanishes on Ω Q , hence, factors through the map
Lemma 2.2. The bracket (2.4.1) and the anchor (2.4.2) determine a structure of a Lie O X -algebroid on Q.
Proof. According to (2.2.6) the symmetrization of the Leibniz bracket on Q takes values in Ω Q . Therefore, the induced bracket is skewsymmetric. The Leibniz rule and the Jacobi identity for Q follow from those for Q.
In what follows we refer to the Lie algebroid Q as the Lie algebroid associated to the Courant algebroid Q. Definition 2.3. A Courant extension of a Lie algebroid A is a Courant algebroid Q together with an isomorphism Q = A of Lie algebroids.
A morphism φ : Q 1 → Q 2 of Courant extensions of A is a morphism of Courant algebroids which is compatible with the identifications Q i = A.
Suppose that A is a Lie algebroid. For each open subset U of X there is category of Courant extensions of A| U . Together with the obvious restriction functors these form a stack.
Notation 2.3. We denote the stack of Courant extensions of A by
2.5. From Leibniz to Lie. For a Lie algebroid A (respectively, Courant algebroid Q) we will denote by g(A) (respectively, g(Q)) the kernel of the anchor map of A (respectively, Q). Note that g(Q) is, naturally, a Courant algebroid with the trivial anchor map and g(Q) = g(Q). Since g(Q), Ω Q = 0, the pairing , on Q induces the pairings
The (restriction of the left) adjoint action Q → End C (g(Q)) is a morphism of Leibniz algebras (this is equivalent to the Jacobi identity) which annihilates Ω Q , hence, factors through the morphism of Lie algebras
or, equivalently, induces a canonical structure of a Lie Q-module on g(Q). 
Moreover, the embedding i is isotropic with respect to the symmetric pairing.
Proof. It suffices to note that π • i = 0 and check that i is a monomorphisms. Since q, i(α) = ι π(q) α, it follows that the map i is adjoint to the anchor map π. The surjectivity of the latter implies that i is injective.
Remark 2.3. The exact sequence (2.6.1) is functorial. Thus, a morphism of Courant extensions of a transitive Lie algebroid A induces a morphism of associated extensions of A by Ω 1 X . A morphism of extensions is necessarily an isomorphism on the respective middle terms, and it is clear that the inverse isomorphism is a morphism of Courant extensions of A. Hence, the category of Courant extensions of a transitive Lie algebroid is, in fact, a groupoid. Definition 2.5. A connection on a transitive Courant O X -algebroid Q is a O X -linear isotropic (with respect to the symmetric pairing on Q) section of the anchor map Q → T X .
A flat connection on a transitive Courant O X -algebroid Q is a O Xlinear section of the anchor map which is morphism of Leibniz algebras. Remark 2.4. As a consequence of (2.2.6), a flat connection is a connection.
Lemma 2.4. A transitive Courant algebroid which is a locally free O X module admits a connection locally on X.
Proof. Suppose that Q is a Courant algebroid as above. Let s : T X → Q denote a locally defined section of the anchor map (such exist in a neighborhood of every point of X). Let φ :
Then, as is easy to check, s + φ is a connection.
Notation 2.4. We denote by C(Q) (respectively, C ♭ (Q)) the sheaf of (locally defined) connections (respectively, flat connections) on Q.
Courant extensions
3.1. Courant extensions of transitive Lie algebroids. From now on we assume that A is a transitive Lie O X -algebroid locally free of finite rank over O X . By Remark 2.3, CEXT O X (A) is a stack in groupoids.
Suppose that A is a Courant extension of A. Let
Lemma 3.1. The map (3.1.1) establishes an isomorphism
Proof. Suppose that φ ∈ Aut CEX T O X (A) ( A). Then, φ restricts to the identity on Ω 1 and induces the identity on A. Therefore,
it follows that φ preserves the symmetric pairing if and only if φ ′ , viewed as a section of Ω
and φ = exp (B) . The formula
shows that φ = exp(B) is a morphism of Leibniz algebras if and only if B is closed.
Remark 3.1. The calculation (3.1.2) (combined with the equality π(
] −dB (the latter operation being the −dB-twisted bracket on A as defined in 2.3, (2.3.1)) shows that, for B ∈ Ω 2 X (not necessarily closed), the map exp(B) is a morphism of Courant extensions A dB → A (the former being the dB-twist of A).
3 computed using the identity
Suppose that A is a Courant extension of A. The pairings (2.5.1) and (2.5.2) yield, respectively, the maps g( A) → A ∨ and g → g ∨ . Together with the projection g( A) → g and the map A ∨ → g ∨ adjoint to the inclusion g → A they fit into the diagram (3.2.1)
Proof. The diagram (3.2.1) is commutative since (2.5.2) is induced from the restriction of (2.5.1) to g( A) ⊗ O X g. In fact, it extends to the morphism of short exact sequences
induced by the pairing. In particular, the map Ω 1 X → T ∨ X is the canonical isomorphism (by (2.2.5)) and the claim follows.
Since A is transitive there is an exact sequence
The map i : g → A and the pairing on g give rise to the maps
Suppose in addition that g is equipped with a symmetric O X -bilinear pairing , : g ⊗ O X g → O X which is invariant under the adjoint action of A, i.e., for a ∈ A and
Let g = A ∨ × g ∨ g and let pr : g → g denote the canonical projection. A section of g is a pair (a ∨ , b), where a ∨ ∈ A ∨ and b ∈ g, which satisfies
The Lie algebra g acts on A (by the restriction of the adjoint action) by O X -linear endomorphisms and the map i : g → A is a map of gmodules. Therefore, A ∨ and g ∨ are g-modules 4 in a natural way and the map i ∨ is a morphism of such. Hence, g is a g-module in a natural way and the map pr is a morphism of g-modules.
As a consequence, g acquires the canonical structure of a Leibniz algebra with the Leibniz bracket [ a, b] of two sections a, b ∈ g given by the formula [ a, b] 
as the composition of pr ⊗ pr with the pairing on g.
The inclusion
Lemma 3.3. The Leibniz bracket, the symmetric pairing and the derivation defined above endow g with the structure of a Courant extension of g (in particular, a Courant O X -algebroid with the trivial anchor map). The isomorphism of Corollary 3.1 is an isomorphism of Courant extensions of g(A).
Proof. Left to the reader.
3.3. Leibniz extensions from connections. Suppose that ∇ is a connection on A. ∇ determines (1) the isomorphism g T X ∼ = A by (a, ξ) → i(a) + ∇(ξ), where a ∈ g and ξ ∈ T X ; (2) the isomorphism
, where ξ ∈ T X , a, b ∈ g, and the bracket is computed in A.
Lemma 3.4.
(1) [ , ] ∇ is the extension of the Lie bracket on g by the
∇+A ) which corresponds to the identity map on g under the identifications φ ∇ and φ ∇+A .
3.4. Courant extensions with connection. Suppose that A is a transitive Lie algebroid locally free of finite rank over O X and A is a Courant extension of A.
For a connection ∇ on A let E ∇ ⊂ A denote the "inverse image" of ∇(T X ) under the projection. Thus, E ∇ contains (the image of) Ω 1 X and the anchor map induces the isomorphism E ∇ /Ω 1 X → T X so that there is a short exact sequence
It is clear that the restriction of the symmetric pairing to E ∇ is nondegenerate. A connection ∇ : T X → A on A lifting ∇ (i.e. ∇ is the composition of ∇ and the projection A → A) determines a Lagrangian splitting of (3.4.1). Let E ⊥ ∇ ⊂ A denote the annihilator of E ∇ with respect to the symmetric pairing.
Lemma 3.5.
( Proof. Since the symmetric pairing on E ∇ is non-degenerate
It follows that the composition
is an isomorphism onto g( A).
Suppose that ∇ is a connection on A which lifts the connection ∇ on A. According to Lemma 3.5, the curvature c(
Proof. Both claims follow from the calculation
The choice of the lifting ∇ of ∇ gives rise to the identification
Let , ∇ and [ , ] ∇ denote, respectively, the induced symmetric pairing and Leibniz bracket on Ω
by the duality pairing (respectively, is the pairing induced by the one on A); (3) the restriction of the Leibniz bracket to Ω 1 X ⊕ g is given by Lemma 3.5 (and Lemma 3.4);
Proof. Only the last formula had not been proven earlier. In terms of the orthogonal direct sum decomposition (Lemma 3.5)
3.5. Construction of Courant extensions. Suppose that A is a transitive Lie algebroid locally free of finite rank over
, is a symmetric A-invariant pairing on g. We extend the pairing , to a symmetric pairing on Ω (1) the formulas
where f ∈ O X , and a, b ∈ A ∇,H .
Remark 3.2. It is clear from the above formulas that
(
; the latter map is the direct sum of the Lie derivative action on Ω 1 X (through the quotient T X ) and the adjoint action of A on g.
the Lie bracket on A satisfies the Jacobi identity)
). This proves the first claim and, hence,
The three summands expand, respectively, to
Summing these up one obtains
Corollary 3.2. In the notations introduced above, A ∇,H is a Courant extension of A if and only if
If the latter condition is fulfilled the canonical connection ∇ on A ∇,H (given the inclusion of the direct summand) satisfies c rel ( ∇) = H.
Corollary 3.3. In the notations of 3.4, dc rel ( ∇) = 1 2 c(∇)∧c(∇) and the map
induced by ∇ is an isomorphism of Courant extensions of A.
3.6. Change of connection. Suppose that A is a Lie algebroid, , is a A-invariant pairing on g :
Suppose that ∇ ′ is another connection on A. Then, the formula
Lemma 3.9. In the notations as above,
Notation 3.1. Suppose that A is a transitive Lie algebroid and , is an A-invariant symmetric pairing on g(A).
where
Proof. In the orthogonal decomposition A ∇,H = E ∇ ′ E ⊥ ∇ ′ , the summands are given by
Notation 3.2. Suppose that A is a transitive Lie algebroid and , is an A-invariant symmetric pairing on g(A). For connections ∇, ∇ ′ on A we denote by φ(∇, ∇ ′ ) the isomorphism of Lemma 3.10, where
Proof. It is clear that the left hand side of (3.6.3) is of the form exp (B) for suitable B ∈ Ω 2 X , i.e. its value on an element of A ∇,H depends only on the projection of that element to T X . Hence, it suffices to calculate the left hand side of (3.6.3) the case α = 0, a = 0 in the notations introduced above.
Since
3.7. Exact Courant algebroids.
Definition 3.1. The Courant algebroid Q is called exact if the anchor map π : Q → T X is an isomorphism. Equivalently, an exact Courant algebroid is a Courant extension of the Lie algebroid T X .
We denote the stack of exact Courant O X -algebroids by ECA O X . As was pointed out in Remark 2.3, ECA O X is a stack in groupoids.
For an exact Courant algebroid Q the exact sequence (2.6.1) takes the shape
An isotropic splitting of (3.7.1) (i.e. a connection on Q) is necessarily Lagrangian.
Lemma 3.12. Suppose that Q is an exact Courant algebroid.
(2) ∇ → ∇ + ω (where ∇ + ω is the connection defined by the formula above) is an action of (the sheaf of groups) Ω 2 X on C(Q) which endows the latter with the structure of an Ω 2 X -torsor. Proof. The difference of two sections of the anchor map Q → T X is a map
The difference of two isotropic sections gives rise to a skew-symmetric tensor, i.e. a section of Ω 2 X . Indeed, suppose that ∇ is a connection and φ :
where we use φ to denote i • φ. Since ∇ and i are isotropic, ∇ + φ is isotropic if and only if ∇(ξ), ∇(η) + ∇(ξ), φ(η) = 0 which is equivalent to ι ξ φ(η) = −ι η φ(ξ) by (2.2.5). By Lemma 2.4, C(Q) is locally non-empty, hence a torsor.
For a connection ∇ on an exact Courant algebroid curvature coincides with relative curvature, is a differential 3-form by Lemma 3.6, and will be denoted c(∇).
Lemma 3.13.
(1) The curvature form c(∇) is closed.
Proof. The curvature form is closed since its derivative is the form Π T X and the latter vanishes. The second claim follows from Lemma 3.9 with A = 0, H = c(∇) and B = α.
Corollary 3.4.
X -torsor. Proof. Suppose that ∇ is a flat connection and α ∈ Ω 2 X . It follows from Lemma 3.13 that ∇ + α is flat if and only if α is closed.
is locally non-empty if the Poincaré Lemma is satisfied. This the case in the C ∞ and the analytic setting.
Example 3.1. The sheaf Ω 1 X ⊕T X endowed with the canonical symmetric bilinear form deduced from the duality pairing carries the canonical structure of an exact Courant algebroid with the obvious anchor map and the derivation, and the unique Leibniz bracket, such that the inclusion of T X is a flat connection. We denote this exact Courant algebroid by Q 0 .
We leave it as an exercise for the reader to write down the explicit formula for the Leibniz bracket. The skew-symmetrization of this bracket was discovered by T. Courant ([C] ) and is usually referred to as "the Courant bracket". Lemma 3.14. The correspondence Q → (C(Q), c) establishes an equivalence
Proof. It is clear that the association Q → (C(Q), c) determines a functor. We construct a quasi-inverse to the latter.
X -torsor. We associate to it the exact Courant algebroid which is the (C, c)-twist of the Courant algebroid Q 0 of Example 3.1 and is constructed as follows.
The underlying extension of T X by Ω The Leibniz bracket on Q C 0 is defined by the formula
X is the unique form such that
Next, we verify that the bracket is, indeed, well-defined on Q C 0 , i.e. is independent of the choice of particular representatives.
(using π(q 2 ) = π(q 2 + ι π(q 2 ) ω)). This shows that the bracket is welldefined in the second variable and we can assume that s 2 = s 1 after modifying q 2 , in which case the bracket is given by the simplified formula
Since ι π(q 1 )∧π(q 2 ) c(s)) is skew-symmetric in q 1 and q 2 it follows that
This shows that the symmetrized bracket is well-defined (in both variables). Since, as we established earlier, the bracket is well-defined in the second variable, it follows that it is well-defined (in both variables) and, moreover, satisfies (2.2.6). Since c(s) is a closed form, the bracket satisfies the Jacobi identity. We leave the remaining verifications to the reader.
Pairs (Q, ∇), where Q ∈ ECA O X and ∇ is a connection on Q, with morphisms of pairs defined as morphism of algebroids which commute with respective connections give rise to a stack which we denote ECA∇ O X . It is clear that ECA∇ O X is a stack in groupoids. Note that the pair (Q, ∇) has no non-trivial automorphisms.
The assignment (Q, ∇) → c(∇) gives rise to the morphism of stacks
X is viewed as discrete, i.e. the only morphisms are the identity maps. 
− torsors is, clearly, commutative. Note that, with the exception of the upper left corner, all stacks in the above diagram have canonical structures of stacks in "C-vector spaces in categories", and that the morphisms between them respect these structures. Below we will explicitate the structure a stack in "C-vector spaces in categories" on ECA O X such that the equivalence 3.14 as well as the forgetful functor to EXT
are morphisms of such. Namely, given exact Courant algebroids Q 1 , . . . , Q n and complex numbers λ 1 , . . . , λ n , the "linear combination" λ 1 Q 1 + · · · + λ n Q n is as an exact Courant algebroid Q together with a O X -linear map of Leibniz algebras
(with respect to the componentwise bracket on Q 1 × T X · · · × T X Q n ) which commutes with the respective projections to T X and satisfies
4.2. The action of ECA O X . As before, A is a transitive Lie O Xalgebroid locally free of finite rank over O X , g denotes g(A), , is an O X -bilinear symmetric A-invariant pairing on g, g is the Courant extension of g constructed in 3.2. Let CEXT O X (A) , denote the substack of Courant extensions of A which induce the given pairing , on g. Note that, if A is in
Suppose that Q is an exact Courant O X algebroid and A is a Courant extension of A. The "translate by Q of A" is a Courant extension Q+ A of A together with a O X -linear map of Leibniz algebras Q × T X A → Q + A which commutes with respective projections to T X and satisfies
where f, g ∈ O X , ∂ A , ∂ Q , ∂ are the derivations of A, Q, and Q + A respectively. In other words, Q + A the push-out of Q × T X A by the addition map Ω
Thus, a section of Q + A is represented by a pair (q, a) with a ∈ A and q ∈ Q satisfying π(a) = π(q) ∈ T X . Two pairs as above are equivalent if their (componentwise) difference is of the form (α, −α) for some
These operations are easily seen to descend to Q + A. The derivation ∂ : O X → Q + A is defined as the composition
Lemma 4.1.
(1) The formulas (4.2.1) and the map (4.2.2) determine a structure of Courant extension of A on Q + A.
(2) The map g( A) → Q + A defined by a → (0, a) induces an isomorphism g(Q + A)
Proof. We leave the verification of the first claim to the reader. Let Q denote the quotient of A (2) × A A (1) by the diagonally embedded copy of g. Then, Q is an extension of T by Ω
is a Leibniz algebra with respect to the bracket
) and carries the symmetric pairing
where q i , q ′ i ∈ A (i) . Since, for any Courant algebroid P the adjoint action of P on g(P)) and the pairing with the latter factor through P, it follows that the diagonally embedded copy of g is a Leibniz ideal and the null-space of the pairing on A (2) × A A (1) . Therefore, the Leibniz bracket and the pairing descend to Q The derivation ∂ : O X → Q is given by (the image in Q of)
for f ∈ O X , where ∂ i is the derivation O X → A (i) . The Leibniz bracket, the symmetric pairing and the derivation as above are easily seen to define a structure of a(n exact) Courant algebroid on Q. We claim that A (2) = Q + A (1) . To this end, note that the natural embedding
, where the latter is the Baer difference of extensions of T X by g, hence the maps
where the last isomorphism is the canonical isomorphism of the Baer arithmetic of extensions of T X by g. We leave it to the reader to check that the composition Proof. Suppose that A is a locally defined Courant extension of A. By Lemma 2.4 A admits a (locally defined) connection, say, ∇. Let ∇ denote the (locally defined) induced connection on A. Then, according to Corollary 3.3, c(∇), c(∇) = 2dc rel ( ∇).
Conversely, suppose that, for a locally defined connection ∇ on A there exists a (locally defined) form H ∈ Ω 3 X such that 2dH = c(∇), c(∇) . Then, A ∇,H is a (locally defined) object of CEXT O X (A) , .
Corollary 4.1. A admits a connection with exact Pontryagin form locally on X if and only if CEXT
Proof. Follows from Lemma 4.1.
Theorem 4.1. Suppose that A admits a connection with exact Pontryagin form locally on X. Then, the image of the class of
, where Π(A, , ) is the first Pontryagin class of (A, , ).
Proof. By assumption, there exists a cover U = {U i } i∈I of X by open sets, connections ∇ i on A i := A| U i and forms The collection of forms
X (U i U j ) (defined by the formula (3.6.1)), so that dP ij = P j − P i Lemma 3.9 . Let P ij = −H j + H i + P ij . The forms P ij are closed:
The collection of forms P ij (respectively, P ij ) constitutes the cochain P 3,1 ∈Č 1 (U; Ω 3 X ) (respectively, P 3,1 ∈Č 1 (U; Ω 3 X )). These satisfy P 3,1 = P 3,1 −∂H, dP 3,1 =∂P 4,0 , d P 3,1 = 0. Let Q ij := Q P ij be the exact Courant algebroid with connection ∇ ij with c( ∇ ij ) = P ij . Since H j + P ij = H i + P ij , there are morphisms (on
of which the first one is defined by the formula (α + ξ, β + a + ξ) → ((α + β) + a + ξ) (where α, β ∈ Ω 1 X , a ∈ g, ξ ∈ T X ), while the second one is supplied by Corollary 3.3 (and given by the formula of Lemma 3.10). Let φ ij : Q ij + A j → A i denote the composition of the above maps. The composition φ ij • (id +φ jk ) • (id + id +φ ki ):
gives rise, according to 4.3, to the morphism
On the other hand, Q ij + Q jk + Q ki is canonically isomorphic to Q P ij + P jk + P ki , the exact Courant algebroid with connection ∇ ijk whose curvature is P ij + P jk + P ki = P ij + P jk + P ki .
The difference P ijk := ∇ ijk − ∇ 0 ijk is a 2-form on U i U j U k which satisfies d P ijk = P ij + P jk + P ki . The collection of forms P ijk ∈ Ω 2 X (U i U j U k ) forms the cochain P 2,2 ∈Č 2 (U; Ω 2 X ) which satisfies d P 2,2 =∂ P 3,1 =∂P 3,1 and∂ P 2,2 = 0. After the identification of the O X -modules underlying the Courant extensions A i , A j and A k with Ω
, the last equality due to Lemma 3.11. It follows from Remark 3.1 that
Then, (d ±∂)P = (d ±∂) P = 0 and P = P+(d±∂)H, i.e. P and P are cohomologous cycles inČ
X ). A comparison of P with the first Pontryagin class Π(A, , ) (calculated in A.3) reveals that P = 1 2 Π(A, , ). By construction, the class of CEXT O X (A) is represented by − P viewed as a cocycle of total degree two inČ
• (U; Ω 2 X → Ω 3,cl ) (because, by our definition, Q ij represents A i − A j as opposed to A j − A i ) whose image (under the "shift by two" isomorphism which is equal to the identity map) is − P viewed as a cocycle of total degree four inČ
• (U; τ ≤4 Ω ≥2 X ). Now − P is cohomologous to −P = − 1 2 Π(A, , ) which finishes the proof.
In view of (A.4.1), Theorem 4.1 can be restated in the following way for GL n -torsors (equivalently, vector bundles). In this setting we will write CEXT O X (A E ) Tr for CEXT O X (A E ) , as a reminder of the origins of the canonical pairing on the Atiyah algebra of a vector bundle.
Corollary 4.2. Suppose that E is a vector bundle on X. The class of the ECA O X -torsor CEXT O X (A E ) Tr is equal to − ch 2 (E).
Vertex algebroids
5.1. Vertex operator algebras. Throughout this section we follow the notations of [GMS] . The following definitions are lifted from loc. cit.
Definition 5.1. A Z ≥0 -graded vertex algebra is a Z ≥0 -graded k-module V = ⊕ V i , equipped with a distinguished vector 1 ∈ V 0 (vacuum vector) and a family of bilinear operations
A morphism of vertex algebras is a map of graded k-modules (of degree zero) which maps the vacuum vector to the vacuum vector and commutes with all of the operations.
Let Vert denote the category of vertex algebras. Let
Then, ∂ (j) is an endomorphisms of V of degree j which satisfies (see [GMS] 
The subject of the definition below is the restriction of the structure of a vertex algebra to the graded components of degrees zero and one. Definition 5.2. A 1-truncated vertex algebra is a septuple v = (V 0 , V 1 , 1, ∂, (−1) , (0) , (1) ) where
Elements of V 0 (resp., V 1 ) will be denoted a, b, c (resp., x, y, z). There are seven operations: a (−1) b, a (−1) x, x (−1) a, a (0) x, x (0) a, x (0) y and x (1) y. These are required to satisfy the following axioms:
• (Vacuum)
ever the both sides are defined, i.e. the operation (0) is a derivation of all of the operations (i) .
, whenever both sides are defined.
Let Vert ≤1 denote the category of 1-truncated vertex algebras. We have an obvious truncation functor t : Vert → Vert ≤1 (3.1.1) which assigns to a vertex algebra V = ⊕ i V i the truncated algebra
Remark 5.1. It follows easily that the operation (−1) : V 0 × V 0 → V 0 endows V 0 with a structure of a commutative k-algebra.
Vertex algebroids.
Suppose that X is smooth variety over C (a complex manifold, a C ∞ -manifold). In either case we will denoted by O X (respectively, T X , Ω i X ) the corresponding structure sheaf (respectively, the sheaf of vector fields, the sheaf of differential i-forms).
A vertex O X -algebroid, as defined in this section, is, essentially, a sheaf of 1-truncated vertex algebras, whose degree zero component (which is a sheaf of algebras by 5.1) is identified with O X . Definition 5.3. A vertex O X -algebroid is a sheaf of C-vector spaces V with a pairing
A morphism of vertex O X -algebroids is a C-linear map of sheaves which preserves all of the structures.
We denote the category of vertex O X -algebroids by VA O X (X). It is clear that the notion vertex O X -algebroid is local, i.e. vertex O Xalgebroids form a stack which we denote by VA O X .
From vertex algebroids to 1-truncated vertex algebras.
) is a sheaf of 1-truncated vertex operator algebras. Conversely, if the septuple (O X , V, 1, ∂, (−1) , (0) , (1) ) is a sheaf of 1-truncated vertex operator algebras, then the formulas (5.3.1), (5.3.2), (5.3.3) define a structure of a vertex O X -algebroid on V.
Quantization of Courant algebroids.
Definition 5.4. We call a vertex algebroid commutative if the anchor map, the Leibniz bracket and the symmetric pairing are trivial.
Remark 5.2. Commutativity implies that the * -operation is associative, i.e. a commutative vertex algebroid is simply a O-module E together with a derivation ∂ : O X → E.
Suppose that V is a family of vertex O X -algebroids flat over C [[t] ], such that the vertex algebroid
This operation endows V 0 with a structure of a module over O X .
Since V 0 is commutative, the Leibniz bracket and the symmetric pairing on V and the anchor map take values in tV.
Lemma 5.2. The formulas (5.4.1) endow the O X -module V 0 with the structure of a Courant algebroid with derivation ∂ 0 , anchor map π 0 , Leibniz bracket [ , ] 0 and symmetric pairing , 0 .
The associated Lie algebroid. Suppose that V is a vertex
Note that the symmetrization of the Leibniz bracket takes values in
Therefore, π vanishes on Ω V , hence, factors through the map
Therefore, [V, Ω V ] ⊆ Ω V and the Leibniz bracket on V descends to the operation
which is skew-symmetric because the symmetrization of the Leibniz bracket on V takes values in Ω V and satisfies the Jacobi identity because the Leibniz bracket on V does. Suppose that V is a transitive vertex O X -algebroid. The derivation ∂ induces the map i :
If follows that the map i is adjoint to the anchor map π. The surjectivity of the latter implies the latter implies the injectivity of the former. Since, in addition, π • i = 0 the sequence
is exact and i is isotropic.
Exact vertex algebroids.
Definition 5.6. A vertex algebroid V is called exact if the map V → T X is an isomorphism.
Notation 5.1. We denote the stack of exact vertex O X -algebroids by EVA X .
A morphism of exact vertex algebroids induces a morphism of respective extensions of T X by Ω 1 X , hence is an isomorphism of sheaves of C-vector spaces. It is clear that the inverse isomorphism is a morphism of vertex O X -algebroids. Hence, EVA X is a stack in groupoids.
Example 5.1. Suppose that T X is freely generated as an O X -module by a locally constant subsheaf of Lie C-subalgebras τ ⊂ T X , i.e. the canonical map O X ⊗ C τ → T X is an isomorphism.
There is a unique structure of an exact vertex
• the anchor map is given by the projection V → T X , • the map τ → V is a morphism of Leibniz algebras, • the pairing on V restricts to the trivial pairing on τ ,
In a similar fashion the bracket is completely determined by (5.2.2) and (5.2.3), and the pairing is determined by (5.2.5).
We leave the verification of the identities (5.2.1) -(5.2.9) to the reader.
Vertex extensions of Lie algebroids. Suppose that A is a Lie
Definition 5.7. A vertex extension of A is a vertex algebroid A together with an isomorphism A = A of Lie O X -algebroids.
A morphism of vertex extensions of A is a morphism of vertex algebroids which is compatible with the identifications. Therefore, VEXT O X (A) is a stack in groupoids.
Suppose that A is a vertex extension of A. Let g = g( A) denote the kernel of the anchor map (of A). Thus, g is a vertex (equivalently, Courant) extension of g.
Analysis similar to that of 3.1 shows that • the symmetric pairing on A induces a symmetric O X -bilinear pairing on g which is A-invariant; • the vertex extension g is obtained from the Lie algebroid A and the symmetric A-invariant pairing on g as in 3.2.
5.10. The action of ECA O X . As before, A is a transitive Lie O Xalgebroid locally free of finite rank over O X , g denotes g(A), , is an O X -bilinear symmetric A-invariant pairing on g, g is the Courant extension of g constructed in 3.2.
Notation 5.3. Let VEXT O X (A) , denote the stack of Courant extensions of A which induce the given pairing , on g.
Suppose that Q is an exact Courant O X algebroid and A is a vertex extension of A. Let A + Q denote the push-out of A × T X Q by the addition map Ω
Thus, a section of A + Q is represented by a pair (a, q) with a ∈ A and q ∈ Q satisfying π(a) = π(q) ∈ T X . Two pairs as above are equivalent if their (componentwise) difference is of the form (i(α), −i(α)) for some
These operations are easily seen to descend to A + Q.
The two maps Ω 
Proof. Let Q denote the quotient of A (2) × A A (1) by the diagonally embedded copy of g. Then, Q is an extension of T by Ω 1 X . There is a unique structure of an exact Courant algebroid on Q defined as in Lemma lemma:ECA-action-trans, such that A (2) = A (1) + Q.
Proposition 5.1. EVA X is a torsor under ECA X .
Proof. In view of Lemma 5.5 and the equality EVA X = VEXT O X (T X ) it remains to show that EVA X is locally non-empty. In the analytic or C ∞ case example 5.1 provides a locally defined EVA. Indeed, locally on X there exists an (abelian) Lie C-subalgebra τ such that
In the algebraic setting the same example shows that EVA X is nonempty locally inétale topology. Since
X ) it follows that EVA X is non-empty Zariski-locally.
5.11.
Comparison of ECA O X -torsors. Suppose that A is a vertex extension of the Lie algebroid A. Let , denote the induced symmetric pairing on g(A).
Suppose that V is an exact vertex algebroid. Let A − V denote the pushout of A × T X V by the difference map Ω 
These operations are easily seen to descend to A − V.
Algebroids over the de Rham complex
All of the notions of the preceding sections generalize in an obvious way to differential graded manifolds (i.e. manifolds whose structure sheaves are a sheaves of commutative differential graded algebras).
For a manifold X let X ♯ denote the differential graded manifold with the underlying space X and the structure sheaf
(as a sheaf of graded algebras). We will denote by ∂ O X ♯ the derivation given by the de Rham differential.
6.1. The structure of T X ♯ . The tangent sheaf of X ♯ (of derivations of O X ♯ ), T X ♯ is a sheaf of differential graded Lie algebras with the differential
6.1.1. Let T X denote the cone of the identity endomorphism of T X . That is, T X i = T X for i = −1, 0 and zero otherwise. The only nontrivial differential is the identity map. The complex T X has the canonical structure of a sheaf of differential graded Lie algebras.
The natural action of T X (respectively T X [1]) on O X ♯ by the Lie derivative (respectively by interior product) gives rise to the injective map of DGLA (6.1.1)
The action τ extends in the canonical way to a structure of a Lie O X ♯ -algebroid on O X ♯ ⊗ C T X with the anchor map
and (the restriction of) τ O X ♯ factors through the map
which is easily seen to be an isomorphism.
Since the action τ is O X -linear modulo T X ♯ /X , τ O X ♯ induces the map
which is easily seen to be an isomorphism. Therefore, there is an exact sequence of graded O X ♯ -modules
The composition
is the identity map. The natural action of
X . The action of T X ♯ 0 on O X gives rise to the map T X ♯ 0 → T X which, together with the natural Lie bracket on T X ♯ 0 , endows the latter with a structure of a Lie O X -algebroid.
The action of T X ♯ 0 on Ω 1 X gives rise to the map (6.1.6)
where A Ω 1 X denotes the Atiyah algebra of Ω 1 X . Lemma 6.1. The map (6.1.6) is an isomorphism of Lie O X -algebroids.
Exact Courant
Proposition 6.1. Every exact Courant O X ♯ -algebroid admits a unique flat connection.
Proof. Consider an exact Courant
Note that, since Ω 1 X ♯ is concentrated in non-negative degrees, the map π : Q −1 → T X ♯ −1 is an isomorphism. Since T X ♯ −1 generates T X ♯ as a DG-module over O X ♯ , the splitting is unique if it exists.
To establish the existence it is necessary and sufficient to show that the restriction of the anchor map to the DG-submodule of Q generated by Q −1 is an isomorphism. Note that the map τ : T X → T X ♯ lifts in a unique way to a morphism of complexes τ : T X → Q. The map τ is easily seen to be a morphism of DGLA. Let Q ′ denote the O X ♯ -submodule of Q generated by the image of τ (i.e. the DG O X ♯ -submodule generated by Q −1 ).
coincides with the composition of the isomorphism (6.1.3)with the inclusion into T X ♯ . Therefore, (6.2.1) is a monomorphism whose image will be denoted Q ′′ , and π restricts to an isomorphism of
which is surjective (since Q ′ /Q ′′ is generated as a O X ♯ -module by the image of T 0 X under τ ), and such that the composition
coincides with the isomorphism (6.1.4). Therefore, (6.2.2) is an isomorphism. Now, the exact sequence (6.1.5) implies that π restricts to an isomorphism Q ′ ∼ = T X ♯ . The desired splitting is the inverse isomorphism. It is obviously compatible with brackets, hence, is a flat connection.
Corollary 6.1. ECA O X ♯ is equivalent to the final stack.
Corollary 6.2. An exact vertex O X ♯ -algebroid exists and is unique up to canonical isomorphism.
Proof. Since EVA O X ♯ is an affine space under ECA O X ♯ the uniqueness (local and global) follows from Corollary 6.1. Local existence and uniqueness implies global existence.
X and (6.1.6). Proof. The first statement is left to the reader.
The degree −1 component of the anchor map V • → T X ♯ is an isomorphism whose inverse gives the map
where the left vertical map is the canonical one. For φ, ψ ∈ End O X (Ω 1 X ) represented, respectively, by α ⊗ ξ and β ⊗ η with α, β ∈ Ω 1 X [−1] and ξ, η ∈ T X [1], the pairing φ, ψ is calculated using (5.2.5):
(with ξ, β * η = 0 and π(ξ)(π(η)(α)) = 0 since both have negative degrees).
Appendix A. Characteristic classes of Lie algebroids
Below, we recall the basic definitions and facts regarding Lie algebroids as well as the construction of the higher Chern-Simons forms ( [CS] ). As an example we calculate explicitly theČech-de Rham representative of the first Pontryagin class.
A.1. Lie algebroids. We refer the reader to [M] for further details on Lie algebroids in the differential-geometric context. A.1.1. Definitions. Suppose that X is a manifold. A Lie algebroid on X is a sheaf A of O X modules equipped with an O X -linear map π : A → T X called the anchor map, and a C-linear pairing [ , ] : A ⊗ C A → A such that
(1) the pairing [ , ] is a Lie bracket (i.e. it is skew-symmetric and satisfies the Jacobi identity), (2) the map π is a morphism of Lie algebras (i.e. it commutes with the respective brackets), 
called the curvature of the connection ∇. Clearly, ∇ is flat if and only if c(∇) = 0.
A.1.3. Examples. The tangent sheaf T X (the anchor map being the identity) is the final object in in the category of Lie algebroids on X.
An algebroid with the trivial anchor map is the same thing as a sheaf of O X -Lie algebras.
An action of a Lie algebra g on X, the action given by the morphism of Lie algebras α : g → Γ(X; T X ) gives rise to a structure of a Lie algebroid on O X ⊗ g in a natural way: the anchor map is given by f ⊗ a → f α(a) and the bracket is defined by [
A.1.4. Atiyah algebras. An important class of examples of transitive Lie algebroids is comprised of Atiyah algebras. Suppose that G is a Lie group with Lie algebra g and p : P → X is a principal G bundle. The Atiyah algebra of P , denoted A P , is the sheaf whose local sections are pairs (ξ, ξ), where ξ is a (locally defined) vector field on X andξ is a G-invariant vector field on P which lifts ξ. Thus, A P = (p * T P ) G with the induced bracket and the anchor map is given by
In terms of the preceding description the anchor is give by the projection (ξ, ξ) → ξ. In this case g(A) is the E twist of O X ⊗ g. The Atiyah algebra of a vector bundle, which is just the Atiyah algebra of the corresponding GL-bundle, admits another description. Namely, for a vector bundle F let Diff ≤n (F , F ) denote the sheaf of differential operators of order n acting on F . Then A F is determined by the following pull-back diagram
as the sheaf of differential operators of order one with scalar principal symbol.
A.1.5. Pull-back of algebroids. Recall that, for a Lie algebroid A on X and a map φ : Y → X, the pull-back φ + A is defined by the Cartesian diagram A.2. Higher Chern-Simons forms. Suppose that U is a cover of X by open subsets. Let X 0 = U ∈U U, ǫ : X 0 → X the map induced by the inclusions i U : U ֒→ X. Let X i = X 0 × X · · · × X X 0 denote the (i+1)-fold product which will be indexed by {0, . . . , i}. For j = 0, . . . , i let pr j : X i → X 0 (respectively, s j : X i → X i−1 ) denote the projection onto (respectively, along) the j th factor. The collection of all X i together with the projections s j and the diagonal maps is a simplicial manifold denoted X • , and ǫ extends to the map ǫ : X • → X, where the latter is regarded as a constant simplicial object.
A sheaf F on X gives rise to a simplicial sheaf ǫ * F on X • so that the complex (associated to the simplicial abelian group) Γ(X • ; F ) is the complexČ(U; F ) of F -valued cochains on the cover U. We will denote by F i the restriction of ǫ * F to X i . Note that there is a canonical isomorphism Suppose that A is a Lie algebroid on X, locally free of finite rank over O X , and let g := g(A). Let A i = pr
A i , where pr X i : X i × ∆ i → X i denotes the projection, so that
as a O X i ×∆ i -module with the obvious Lie algebroid structure.
For a connection ∇ 0 on A 0 let ∇ i denote the connection on A i given by the formula 
closed. In view of the remarks above,
with the k th summand, denoted P i (c( ∇ i ) ∧d ) 2d−k,k below, homogeneous of bi-degree (2d − k, k).
Recall that s j : X i → X i−1 denotes the projection along the j th factor. The Lie algebroids (id ×∂ j ) + A i and (s j × id) + A i−1 are canonically isomorphic in a way compatible with the connections (induced by) ∇ i on the former and ∇ i−1 on the latter. It follows that
Using
(1)
the fact that the differential in theČech complex is given by ∂ = j (−1) j s * j , (3) the Stokes formula (A.2.1) and (4) noticing that the left hand side of the latter vanishes because P i (c( ∇ i ) ∧d ) is closed one sees that
is a cocycle of total degree 2d in theČech-de Rham complex which extends P (c(∇ 0 ) ∧d ) ∈Č 0 (U; Ω 2d,cl X ), and whose class in H 2d (X; τ ≤2d Ω ≥d X ) is independent of the choices (of the covering U and the connection ∇ 0 ) made. (In fact, independence of the choice of the connection follows from the above construction applied to the simplicial manifold X • in place of X, the algebroid A • = ǫ * A and the connection pr *
• ∇ induced by a choice of a connection ∇ on A 0 .) A.3. The first Pontryagin class. Below we will carry out the above calculation in the situation when P = , is a A-invariant symmetric pairing on g. The corresponding class in H 4 (X; τ ≤4 Ω ≥2 X ) is called the (first) Pontryagin class of the pair (A, , ) and will be denoted Π(A, , ). It follows from the discussion in A.2 that Π(A, , ) is represented, in terms of a covering U and a connection ∇ 0 by the cocycle A.4. Pontryagin class for vector bundles. Suppose that E is a GL n -torsor on X. Let A E denote the Atiyah algebra of E. Thus, A E is a transitive Lie algebroid with g(A E ) = gl E n . The Lie algebra gl n carried the canonical invariant symmetric pairing given by the trace of the product of endomorphisms which induces the canonical A E -invariant symmetric pairing on gl E n . We will denote this pairing by , can and write Π(E ) for Π(A E , , can ).
Recall that the Chern character form of a connection ∇ on E, denoted ch(E, ∇) = n ch n (E, ∇), where ch n (E, ∇) a form of degree 2n, is defined by ch(E, ∇) = Tr(exp(c(∇)) = 1 n! Tr(c(∇) ∧n )
In particular, the characteristic class ch 2 is related to the Pontryagin class by (A.4.1) Π(E ) = 2 ch 2 (E) .
